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What is the minimum number of external light sources needed to
illuminate the surface of a convex body?

The light source p illuminates the
point b on the boundary of the tri-
angle but does not illuminate the
boundary points a or c.

The minimum number of light
sources needed to illuminate the tri-
angle is three.
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Surprisingly, the previous question is equivalent to the following
question: for a convex body, what is the minimum number of
smaller copies needed to cover it?

The minimum number of smaller
discs required to cover the larger
disc is 3.

The larger triangle can be covered by
three smaller copies.
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A set is said to be convex if for any two points in the set, the line
segment between the two points is also contained in the set.

Examples:

Convex set Non-convex set
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A convex body in En is a closed, bounded, convex set with
non-empty interior.

For example:

Convex body Unbounded sets, like planes, are not convex
bodies
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Let K be some convex body. A direction d is said to illuminate a
point x on the boundary of K if the ray emanating from the point
x with direction d intersects the interior of K .

For example:

The point x on the boundary of the parallelogram is illuminated
by the direction d3. The entire boundary of the parallelogram
is illuminated by 4 directions.
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This concept of illuminating a convex body was independently
coined by both Boltyanski and Hadwiger in 1960. Their respective
definitions of illumination in terms of directions and external light
sources are equivalent.

Boltyanski-Hadwiger Illumination Conjecture.

Every convex body K in En can be illuminated by 2n external light
sources or directions. If K is an affine n-cube, then exactly 2n

directions are required to illuminate K .

V. Boltyanski H. Hadwiger
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What do we know?

The Boltyanski-Hadwiger illumination conjecture is proved in
E2

: in 1955, F. Levi proved an equivalent version of the
Levi-Gohberg-Markus covering conjecture in E2 and it was
proved again in 1957 by I. Gohberg and A. Markus.

No proof exists for general convex bodies in En, for n ě 3 but
there are proofs for special kinds of convex bodies:

§ Convex bodies in En whose boundaries have at most n
singular points can be illuminated by n ` 1 directions
(Boltyanski, 1960);
§ Centrally symmetric convex bodies in E3 can be
illuminated by 23 directions (Lassak, 1984);
§ Convex polyhedra in E3 with affine symmetry (for
example, rotational symmetry and plane symmetry) can be
illuminated by 23 directions (Bezdek, 1991).
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A convex body K in E3 is said to be affine plane symmetric if
there exists a line L and a plane H such that:

1 L meets H at exactly one point; and
2 for any k P K , there exists a vector t P E3 and a point k1 P K

such that rk, k1s Ď L` t and 1
2 pk` k1q P H X K .

Note that the line L and the plane H need not be orthogonal.

For example:

The parallelepiped is affine plane symmetric about the plane H
with respect to the line L but H and L are not orthogonal.
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Another partial result

Theorem (Dekster, 2000)
If K Ă E3 is an affine plane symmetric convex body, then K can
be illuminated by eight directions.

B.V. Dekster
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A transformation T : E3 Ñ E3 is called affine if it maps parallel
lines to parallel lines.

All linear transformations are affine.
For example: Translations, rotations, dilations, reflections and
shearing maps are all examples of affine transformations.

Proposition.

The minimum number of directions required to illuminate a convex
body is invariant under affine transformation.

An affine transformation will be applied to all affine plane
symmetric convex bodies so that they become affine plane
symmetric about the x1x2-plane with respect to some line
orthogonal to the x1x2-plane.

Denote the orthogonal projection of a convex body K onto
the x1x2-plane by PrpK q “ B; B will be referred to as the
base set of K .
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For example:

Figure : The parallelepiped, K , symmetric about H with respect to the
line L is mapped by an affine transformation to the cube, K 1, symmetric
about the x1x2-plane with respect to the line L1, which is orthogonal to
the x1x2-plane.
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A point on the relative boundary of B is a ground point if
Pr´1pxq X bdpK q “ txu.

If a point on the relative boundary of B is
not a ground point, it is called a cliff point. A side of B is called
degenerate if each element of the side is a ground point.
Example:

The point x P relbdpBq is a ground
point. Each side of B is degenerate.

The point x P relbdpBq is a cliff
point. All points on the relative
boundary of B are cliff points
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A hyperplane H supports a set C if

1 H X C ‰ H; and
2 either C Ď H

`
or C Ď H

´
.

Lemma.
Through each boundary point, x, of a closed, convex set C in En

there passes at least one hyperplane supporting C at x.

A boundary point of a closed convex set C is called smooth if
there exists exactly one supporting hyperplane of C at that point.

Figure : The point x is smooth. The point z is called a singular point; supporting
lines through z are not unique.
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Let x be some point on the relative boundary of B and let a ` be
the supporting line of B at that point. Denote the supporting line
of B parallel to ` by `1 . Then, each element of `1 X relbdpBq is
called an antipode of x. The complete antipode of x is the set of
its all antipodes; it will be denoted by Apxq.

Figure : The complete antipode of the smooth point x is a line segment.
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Two Important Theorems

Mazur’s Finite Dimensional Density Theorem.

Smooth points are dense in the boundary of a convex body
K Ď En.

John-Löwner Theorem.
There exists a unique ellipsoid E of maximal volume contained in
some convex body K Ď En. Furthermore,

E Ď K Ď n E .
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Cases of Dekster’s proof

relbd(B) has no sides 
(§ 4.2.2 )

The point q is a 
ground point
(§ 4.2.2.1)

The point q is a 
cliff point
(§ 4.2.2.2)

By Mazur’s finite 
dimensional density 

theorem, there exists a 
smooth point p ∈ relbd(B). 
Since relbd(B) has no sides, 

A(p)={q}.

relbd(B) contains a side 
with midpoint p such 

that A(p)={q} 
(§ 4.2.3.1)

The point q is a 
ground point

The point q is a 
cliff point
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Cases of Dekster’s proof continued

For each side of 
relbd(B), there exists 

another side in relbd(B) 
that is parallel to it

There exists at 
least one side of 
relbd(B) that is 

degenerate
(§ 4.2.3.2)

Each side of relbd(B) 
is non-degenerate

There exists one 
side of relbd(B) 
whose length is 
less than 

E is an ellipsoid E ✓ K ✓ 2E
Here is a nice fraction 1/2 and a nice inequality n � 4

1

E is an ellipsoid E ✓ K ✓ 2E
Here is a nice fraction 1/2 and a nice inequality n � 4

1

(§ 4.2.4)

The sides of 
relbd(B) have 
length at least E is an ellipsoid E ✓ K ✓ 2E

Here is a nice fraction 1/2 and a nice inequality n � 4

1

E is an ellipsoid E ✓ K ✓ 2E
Here is a nice fraction 1/2 and a nice inequality n � 4

1

By the John-Löwner 
theorem, there exists a 
maximum volume ellipse, 
E is an ellipsoid E ✓ K ✓ 2E
Here is a nice fraction 1/2 and a nice inequality n � 4

1

E is an ellipsoid E ✓ K ✓ 2E
Here is a nice fraction 1/2 and a nice inequality n � 4

1

, such that E is an ellipsoid E ✓ B ✓ 2E
Here is a nice fraction 1/2 and a nice inequality n � 4

1

E is an ellipsoid E ✓ B ✓ 2E
Here is a nice fraction 1/2 and a nice inequality n � 4

1

. 
Apply a linear 
transformation to K so 
that E is an ellipsoid E ✓ K ✓ 2E

Here is a nice fraction 1/2 and a nice inequality n � 4

1

E is an ellipsoid E ✓ K ✓ 2E
Here is a nice fraction 1/2 and a nice inequality n � 4

1

 becomes a disc of 
radius 1 in the 

E is an ellipsoid E ✓ B ✓ 2E
Here is a nice fraction 1/2 and a nice inequality n � 4. x1x2-plane

1

E is an ellipsoid E ✓ B ✓ 2E
Here is a nice fraction 1/2 and a nice inequality n � 4. x1x2-plane

1

-plane.

Illumination of Convex Bodies with Affine Plane Symmetry in E3 Victoria Labute 22/23



Motivation Basic definitions Illumination Conjecture Outline of Dekster’s proof

Cases of Dekster’s proof continued

The sides of 
relbd(B) have 
length at least E is an ellipsoid E ✓ K ✓ 2E

Here is a nice fraction 1/2 and a nice inequality n � 4

1

E is an ellipsoid E ✓ K ✓ 2E
Here is a nice fraction 1/2 and a nice inequality n � 4

1

B is not a polygon
(§ 4.2.5.1)

B is a polygon

B is a 
parallelogram

(§ 4.2.6)

B is a 2n-gon, 
 

E is an ellipsoid E ✓ K ✓ 2E
Here is a nice fraction 1/2 and a nice inequality n � 4

1

E is an ellipsoid E ✓ K ✓ 2E
Here is a nice fraction 1/2 and a nice inequality n � 4

1

(§ 4.2.7)

B is a 
hexagon
(§ 4.2.8)
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Outline

5 Featured Case
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Featured Case

List of assumptions for this featured case

Suppose that

1 relbdpBq contains at least one side and for each side of
relbdpBq, there exists another side parallel to it;

2 each side of relbdpBq is non-degenerate;

3 each side of relbdpBq has length at least 1
2 ; and

4 B is a hexagon.
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Featured Case

This featured case breaks down into three further cases:

Case 1: Suppose two consecutive vertices of B are cliff points.
Case 2: Suppose there exists a pair of parallel sides ru, vs and
rw, zs of relbdpBq such that either u and w are ground points
or v and z are ground points.

Case 3: Suppose the vertices of relbdpBq alternate between
cliff and ground points.
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Featured Case

Classifying the form of B
Let H0 be a regular hexagon. Let H be the hexagon obtained from
stretching or dilating one pair of parallel sides from H0 by λ ě 0
and keeping the rest of the sides the same.

For example:

Figure : H is obtained from stretching the parallel sides rv0, v1s and
rv3, v4s of H0 by λ ě 1.
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Featured Case

Classifying the form of B continued

Proposition.

Affine transformations preserve ratios of lengths along parallel lines.

This means that

Pairs of parallel sides for any affine image of H have the same
length.

Either B is an affine image of H or it is not.
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Featured Case

Classifying the form of B continued

B is not affine image of H: at least one
pair of parallel sides have different lengths

B is an affine image of H

Figure : Possible forms of the base set B in this case.
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Featured Case

Third Case of the Featured Case
Suppose B is not an affine image of H.

What could a convex body
satisfying all these conditions look like?

Figure : The base set of K is a hexagon that satisfies the following four
conditions: it is not an affine image of H; its vertices alternate between
ground and cliff points; each of its sides are non-degenerate; and for each
side, there exists another parallel to it.

Illumination of Convex Bodies with Affine Plane Symmetry in E3 Victoria Labute 7/12



Featured Case

Third Case of the Featured Case
Suppose B is not an affine image of H. What could a convex body
satisfying all these conditions look like?

Figure : The base set of K is a hexagon that satisfies the following four
conditions: it is not an affine image of H; its vertices alternate between
ground and cliff points; each of its sides are non-degenerate; and for each
side, there exists another parallel to it.

Illumination of Convex Bodies with Affine Plane Symmetry in E3 Victoria Labute 7/12



Featured Case

Third Case of the Featured Case
Suppose B is not an affine image of H. What could a convex body
satisfying all these conditions look like?

Figure : The base set of K is a hexagon that satisfies the following four
conditions: it is not an affine image of H; its vertices alternate between
ground and cliff points; each of its sides are non-degenerate; and for each
side, there exists another parallel to it.

Illumination of Convex Bodies with Affine Plane Symmetry in E3 Victoria Labute 7/12



Featured Case

Third Case of the Featured Case
Suppose B is not an affine image of H.

Lemma (4.2.8.3.2)

Let B be a hexagon such that

1 for any side of B, there exists another side of B parallel to it;
2 B is not the affine image of a hexagon obtained by scaling the

lengths of exactly one pair of parallel sides from a regular
hexagon by a scalar λ ě 0 while preserving the other edge
lengths.

Then, relintpBq contains a line segment rn,ms such that
m´ n “ 2 pv ´ uq, for some side ru, vs Ď relbdpBq.
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Featured Case

Third Case of the Featured Case
Suppose B is not an affine image of H. Then, by Lemma 4.2.8.3.2,
there exists a side ru, vs Ď relbdpBq such that rm,ns Ď relintpBq.

Recall that ru, vs is non-degenerate and in fact, either u or v is a
cliff point. Let k P ru, vs be chosen so that

›

›k` ´ k´
›

› “ max
 ›

›f` ´ f´
›

› | for all cliff points f P ru, vs
(

.

Let p1 P rm,ns be chosen so that p1 ´ n “ 2 pk´ uq and
m´ p1 “ 2 pv ´ kq.
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Featured Case

Third Case of the Featured Case

Suppose B is not an affine image of H. Then, by Lemma 4.2.1.2,
the directions pp1 ´ kq ´ pk` ´ kq and pp1 ´ kq ´ pk´ ´ kq
illuminate Wru,vs.

By Proposition 4.2.2.2.2, there exists a real number χ1 ą 0 such
that the directions pp1 ´ kq ´ pk` ´ kq and pp1 ´ kq ´ pk´ ´ kq
illuminate an open neighbourhood of Wru,vs on the boundary of K ,
Wru,vs ` χ

1B po, 1q.
It follows from Lemma 4.2.2.1.3, Proposition 4.2.2.1.8 and
Proposition 4.2.2.1.9 that there exists points a and b in this open
neighbourhood such that the line between them is parallel to the
supporting line at the side ru, vs.
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Featured Case

Third Case of the Featured Case

Suppose B is not an affine image of H. Let q “ 1
2 pu` vq.

Then,
by Lemma 4.2.2.1.12, the six directions

1
2 pq` aq ´ b,
1
2 pq` bq ´ a,
´

1´ 2ξ
1`ξ

¯

`

1
2 pq` aq ´ b

˘

˘ T e3, and
´

1´ 2p1´ξq
2´ξ

¯

`

1
2 pq` bq ´ a

˘

˘ T e3

will illuminate bdpK qz
`

Wru,vs ` χ
1B po, 1q

˘

.
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